LOCAL PROPERTIES OF ALGEBRAIC CORRE-
SPONDENCES(})

BY
I. BARSOTTI

Introduction. The author has developed in [1](?) a method of approach
to the theory of algebraic correspondences between algebraic varieties; the
method is based upon the consideration of a certain form ¥, 3 associated to
each cycle 3 of an algebraic variety. Any logically sound method of defining
algebraic systems of cycles on a variety V must display a one-to-one cor-
respondence (strictly one-to-one!) between a variety G (that is, the set of its
points) and the cycles of a set € of cycles on V, the set € being the one to be
called an algebraic system of cycles. In the theory developed in [1] the
variety G turns out to be constructed with the coefficients of the form
W, ,A, where A is the “general element” of €. The consideration of G is neces-
sary in order to establish a 1-1 correspondence, and in order to prove that the
cycles of V of a given order and dimension form an algebraic system (Theorem
5.5 of [1]); but Theorem 5.1 of [1] states that whenever an algebraic cor-
respondence D between two varieties F, V has been established, the cycles of
V which correspond to the points of F according to D form an algebraic sys-
tem, with possibly the exception of the correspondents of the fundamental
points of D on F, and of certain other points at which F has more than one
sheet. Therefore the study of algebraic correspondences remains the basic tool
for investigating properties of algebraic systems which are deeper than the
mere foundations. Hence it is to be expected that the availability of various
methods suited to the study of algebraic correspondences should prove to be
useful in order to select, for any particular application, the one which yields
results more readily or with more details. It is with this reason in mind that
in the present paper, rather than selecting the shortest path to the main re-
sults, we indulge in giving detailed expressions for the “multiplicity” with
which a given component has to be “counted” in constructing the cycle
D{P} of Vcorresponding to the point P of Faccording to D.

The manner of defining such multiplicity is the backbone of the whole
theory of algebraic correspondences, since the actual determination of the
components of D{P} does not offer any difficulty. The definition used in [1]
is the following one: those multiplicities are the exponents of the irreducible
factors of the form ¥, ,A, after operating a “specialization” on the coefficients
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of such form; however, Lemmas 5.3 and 5.4 of [1] give a hint to two other
possible ways of defining such multiplicity, one of a local nature (or an-
alytical), the other one, we might say, of a Galois-theoretical nature, and
both equivalent to the original definition. These two possibilitics are here
exploited, and the results are stated respectively in Thcorem 4.1 (or in the
corollary to Theorem 5.1), and Theorem 5.2 (or 5.1). As a necessary step we
also give a new short proof of the associativity formula for geometric local
rings (see [3]).

We shall now proceed to give a brief description of the principal results
of the present paper, and of their possible immediate applications. It is well
known that the theory of intersection multiplicity of cycles of a variety and
the theory of algebraic systems are intimately related to each other. It is
possible to start from either end in the process of building the foundations
of algebraic geometry. The first approach consists in (1) defining the alge-
braic systems of cycles in a manner independent of the intersection multi-
plicities and (2) using the algebraic systems in order to define the intersection
multiplicities of two cycles, namely: if 31, 32 are two cycles of suitable (pure)
dimensions in a projective space, consider two maximal algebraic systems
&, €; containing 3y, 32 respectively; assume, by definition, all the intersections
of the general elements 8, 8. of €;, €; to have the multiplicity 1 (at least in
the case of characteristic zero); take the intersection 3,3, as the general
cycle of a new algebraic system; “specialize” this cycle in such a way that
Bispecializes to 3;. Then the multiplicities with which the various components
with the right dimension appear in this specialization can be assumed, by
definition, to be the multiplicities of intersection of 31, 3, provided that such
multiplicities depend only on 31, 3.

The second approach consists in (1) defining the multiplicities of the
intersections (having the right dimension) of two cycles in a way inde-
pendent of the previous knowledge of algebraic systems, and (2) given the
algebraic correspondence D between the varieties F, V, defining the cycle of
V which corresponds to a point P of F to be the projection on V of the inter-
section D\ (V X P), taken with the proper multiplicities. Now, Theorem 4.1
amounts to saying that if the intersection multiplicities are defined according to
[3], then the theory of algebraic correspondences as developed in [1] could be
obtained by means of the second approach. Algebraic geometers, however, have
usually adopted the first approach, possibly because it requires less analytical
means and more geometrical or topological ones(®); in doing so, it is necessary
to show that the choice of §;, €, does not influence the final result; when
analyzed, this statement leads to the following problem: let, as before, D be
an algebraic correspondence between F and V, and let W be an irreducible

(3) A more important reason is that the multiplicity of intersection has so far been defined
only at a simple subvariety of the ambient variety, while the theory of correspondences does
not have, and should not have, such limitations.
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subvariety of V. By specializing the general point of V to the general point
of W one obtains an algebraic correspondence D’ between F and W, which
we shall refer to as the reduced of D to (W, F) (this would correspond to the
consideration of the algebraic system cut on W by the algebraic system of
cycles on V generated by D, if we had a theory of intersection multiplicities);
let now G be an irreducible subvariety of F, and denote by D’ the reduced
of D’ to (W, G); does D’ depend on the order in which the two reductions
have been performed? The answer is #o under ordinary circumstances; this
is our “reduction theorem” (Theorem 4.2). Another difficulty, in the first ap-
proach, arises from the fact that /M3, might have components of too high a
dimension together with components of the right dimension. In other terms,
the problem is the following one: if V, F, D have the previous meanings, let
P be a point of F which is fundamental for D, but such that the variety (not
the cycle) D[P] which corresponds to P also has some component of the
proper dimension; assume, for sake of simplicity, D[P] to consist of two
components, W; of the right dimension, and W, of a higher dimension; then
the multiplicity with which Wj should be counted is not defined directly, at
least not in [1]; if, however, a point P’ of F, not fundamental for D, “ap-
proaches” P, the cycle D { P’} which corresponds to P’ in D will have certain
components, with certain multiplicities, approaching W;, while the other
components will approach subvarieties of W,, which will depend on the
manner in which P’ approaches P. If the limit of the sum of the multiplic-
ities of the components approaching W; does not depend on the manner in
which P’ approaches P, then such a limit could be taken as the multiplicity
with which W; has to be counted. Now, Theorem 3.1 (or 5.3) states that this
is actually the case, provided that F has exactly one sheet at P (this condi-
tion being sufficient but not necessary). This fact also provides an answer to a
familiar problem in denumerative geometry, namely the problem of deciding
for how many solutions an isolated solution of an algebraic system of equa-
tions “counts” when infinitely many other solutions are present.

The solution of the first problem, when stated only to the extent which
is necessary in dealing with multiplicities of intersection, is contained in van
der Waerden’s work on algebraic geometry (see for instance [9]); the second
problem is not solved there, and this is the reason why that intersection
theory is incomplete. Both problems, when stated only to the extent which is
necessary for intersection multiplicities, are implicitly solved in [3] for the
very reason that the so-called uniqueness of the intersection multiplicity is
there proved. After a suitable translation of the notations, one can recognize
that Theorem 4, chap. I1I, §4 of [10] (stating the uniqueness of the multiplicity
of specialization) is a special case of statement 4 of Theorem 3.1 of the present
paper, or of statement 1 of Theorem 5.3, and of one of the remarks which
precede Theorem 5.5. The criterion contained in Theorem 5, chap. III, §4 of
[10], and its converse, are a particular case of the corollary to Theorem 5.6
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of this paper. Theorem 5.6 itself would be called, in the language of [10], a
criterion for multiplicity [k(%, 7):k(%)]: (see chap. IX, §3 of [10]).

We shall finally remark that the methods used in section 3 are very similar
to those of number theory (decomposition group of an ideal, and so on); they
also implicitly provide a purely algebraic definition of the multiplicity of a
geometric local ring, or, alternatively, link this multiplicity with the ramifica-
tion properties of arbitrary valuations (not only discrete valuations of rank 1).

1. Definitions and notations. We shall adopt all the definitions and nota-
tions used in [1], with the exception of the modifications or generalizations
which we shall state from time to time(*). We shall first repeat the definitions
given in Theorem 2.2 and footnote 5 of [1].

Let V be an irreducible r-dimensional variety over the field 2 of char-
acteristic p, and let {xo, - - -, %} be its h.g.p. (homogeneous general point);
set y;= Z}LO tijx; (1=0, - - -, r+1), where the t's are indeterminates, and
set k*=Fk(t). We have the following definitions:

[£*(x):k*(yo, - - -, y») ] =0rd V=order of V;

(B*(x):k*(y0, - + +, ¥r)) =red V=reduced order of V;

[E*(yo, * = ) ¥es1) :k* (30, - - -, yr) | =deg V=degree of V;

{k*(x):k*(y0, - - -, y,) } =ins V=inseparability of V;

{k*(yo, s V)t R*(y0, ¢ e, y,)} =exp V=exponent of inseparability
of V (this is a modification of the definition contained in footnote 5 of [1]);

[B*(x): E*(y0, = -+, Yr11) | =R(V) =strong inseparability of V.

The last three numbers are powers of p if p%0, and are equal to 1 if p=0.

The basic relations among these numbers are: ord V=~h(V) deg V, deg V
=exp V red V, ins V=ha(V) exp V. If e=exp V, we have that L
=k*(yo, * * +, ¥r, ¥o41) is the maximal subfield of £*(x) which is separable
over k*(yo, - -+, ¥,); € is also the degree (not the order) of k*(x) over L; if
e=1, then necessarily £(V)=ins V=1. A similar property holds true for
deg V, that is, deg V is the degree of k*(x) over k*(yo, - + -, ¥.). The proof
of Theorem 2.2 of [1] implies that ins V is the maximum reached by
[#: k][R’ (x):k(x) ]! when &’ ranges among the purely inseparable finite ex-
tensions of &, and this fact proves that ins V is a birational invariant of V,
thatis, it depends only on k( V) ; we shall speak, therefore, of the inseparability
of k(V) over k, in symbols ins (B(V):k) =ins V. The proof of Theorem 2.2 of
[1] also shows that exp V is the smallest integer e for which there exists a
purely inseparable finite extension &’ of k, of degree e over &, such that
[£:E][#'(x):k(x)]'=ins V;as a consequence, exp V is also a birational in-
variant, and as such it will be denoted by exp (k(V):k). The relation
k(V) exp V=ins V implies then that k(V) is a birational invariant, to be
denoted by A(k(V):k). On the other hand, it is well known that red V,

(*) The correct definition of {L:H} (p.455of [1])is {L:H} =[L:L’]; clearly the alterna-
tive definition offered in [1], namely {L:H}=[L’’:H], is generally incorrect when L’ (or L)
is not normal over H.
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deg V, ord V are not birational invariants. We shall also say that they are
respectively the reduced order, the degree, and the order of k(V) over k with
respect to {x}, and shall denote them by red (k(V):k; x), deg (k(V):k; x),
ord (k(V):k; x). The three birational invariants clearly have a meaning also
when V is an irreducible pseudovariety. Finally, by requesting that red,
deg, ord be additive operators, they can be defined for any pure dimensional
reducible variety or for any unmixed cycle; when this is done, red V mani-
fests a property of invariance for extensions of the ground field, namely: if
K is any extension of k, then red Vk=red V. If ins V=1, then no element
of (V) is purely inseparable over k, but the converse is not true.

Let again V be an irreducible variety over the field %, and let j be the
cycle 1V; if K is a finite extension of &, the extension Vg of V over K has
been defined in section 1 of [1]; nothing has been said of the extension 3x of 3
over K. Clearly any definition of 3g, in order to be useful, must satisfy the rela-
tion rad 3 = Vk; if K is separable over &, this is easily accomplished by defin-
ing3g=1V1+ - - - +1V,,if V3, - - -, V, are the components of Vg;asa con-
sequence of this definition we have ¥, ,3x =¥, 3, deg 3x =deg 3, red 3x =red 3,
ord 3x =ord 3. If K is purely inseparable over &, no definition of 3x will be such
that these four relations are fulfilled in the most general case, and we can
choose a definition of 3x in such a way that 3 and 3x have either (1) the same
order, or (2) the same degree, or (3) the same reduced order. This means
that 3x =7V, where 7 is given, in cases (1), (2), (3), respectively by (ins V)
X (ins V;)~tor (exp V)(exp V;)~*or 1. We also have:

Case (1) 2(Vi)¥i3x =h(V)¥:43;
Case (2) Y35 =Y¥¢,03;
Case (3) exp V¥, 3x =exp V¥, 3.

We adopt here the definition of case (2), although we shall see that local
properties put the emphasis rather on the order than on the degree; this dis-
crepancy becomes immaterial when dealing with algebraic systems, since
they are sets of cycles over an algebraically closed ground field. Case (2)
gives a definition for any extension K over k, algebraic or transcendental,
separable or inseparable, and remains unaltered when 3 is any unmixed cycle.

If 3 isan unmixed cycle over k, a field 2’ is said to be a field of definition of 3
if there exist a field K containing k&’ and & as subfields, and a cycle 3’ over ¥/,
such that jx=3k.

Let F, V be two irreducible varieties over the field 2, A an unmixed alge-
braic correspondence between k(F) and V, and set D=D, F; if v, P are a
place and a point of F, the symbols A{v}, D{P} have been defined in [1]
when & is algebraically closed. We wish to extend the meaning of these sym-
bols to the case in which % is not necessarily algebraically closed, and v, P
are any valuation of 2(F) and any irreducible subvariety of F.

Case 1: % is not necessarily algebraically closed, and v& M (F). Set k' =K,,
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and denote by {co, - * +, ¢a} the h.g.p. of Ga, so that the ¢’s are proportional
to the coefficients of the polynomial ¥, ,ACk(F)[t, v]. Let, say, co be such
that c,c; '€ER,, and let ¢ be the polynomial obtained by replacing, in ¥, ,A,
co by 1 and ¢; (:>0) by the residue class of ¢c,c; ! (mod B,), which is an element
of k’. We contend that there exists a cycle 3 of Vi such that ¥, ,3=4¢. In fact,
let % be the algebraic closure of #’, and let F’ be any component of Fz; call
v’ any extension of v to £(F’); let the cycle A’ be the extension of the cycle A
over k(F'), so that ¥, , A’=¥, A. Now, A’ is an algebraic correspondence
between E(F’) and V%, and 3'=A’{v'}, which is defined because % is alge-
braically closed, is a cycle of V% having &’ as a field of definition; hence 3’ is
the extension over % of a cycle 3 of Vi, and 3 fulfils the condition ¥,,,3=Y,,,3’
=@, which is what we wanted to prove. The cycle 3 will be denoted by A {2 } .

Case 2: v is any valuation of k(F) over k (and & is arbitrary). Let {z} be
the h.g.p. of F, and let H be a subfield of R,, purely transcendental over k, of
transcendency equal to dim v/k. Let F’ be the irreducible variety over H
whose h.g.p. is {2z}, and set V= Vy, so that V"’ is irreducible. A is an un-
mixed algebraic correspondence A’ between H(F') and V’, and we have
v, A=Y, ,A; however, Ga- is a variety over H. Now v is a place of F’, and
A’{v} is defined by case 1 and is a cycle of Vg = Vi ; clearly A’{v} does not
depend on the choice of H. We shall define A{v} =A"{v}; A{v} is an un-
mixed algebraic correspondence between K, and V, and has the property:
if u is a valuation of K, over k, and w is the valuation of k(F) compounded
of v and u, then A{w} =(A{v}){u}.

Case 3: let G be an irreducible subvariety of F such that there exists an 2,
say 1=0, for which ¢;c;'€Q(G/F) for any j. Let v be any valuation of k(F)
whose center on F is G. Since K =k(G) CK,, A{v} is the extension over K,
of a cycle of Vx. Such cycle will be denoted by D{G}, and does not depend
on v. Finally, we shall define {D; v, G} = {D; G, V} to be Dp(g.¢. Notice
that D{ F} exists and equals A=Ap v, and that {D; V, F} =D.

Since Q(P/F)CQ(G/F) for any PEG, we see that D{G} certainly exists
if D{P} exists for at least one PEG; the converse is not true. If PEG and
{D; v, P} exists, then {{D; v, G}; v, P} exists and equals {D; v, P};
however, { {D; v, G} ;0 v, P} may exist even when {D; v, P} does not exist.
Lemma 3.1 of [1] provides, in a crude way, a correspondence D’
between G and V induced by D; namely, D’=rad D’ and ¢(D'/GXV)
=rad oe(rad D/FX V), where ¢ is the homomorphic mapping of %|[x, z]
with kernel ¢(G/F)k[x, z]. The link between D’ and {D; V, G} (when this
exists) is the following one: the components of {D; V, G} are all and only
those components of D’ which operate on the whole G.

In order to take care of the outstanding role played by the order (instead
of the degree) in the local properties of algebraic correspondences, we shall
give the following definitions: let D be an irreducible algebraic correspondence
between the irreducible varieties F, V over k, operating on the whole F;let G
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be an irreducible subvariety of F such that {D; v, G} exists, and let us
assume {D; v, G} = Z,a,-D,-, the D,’s being distinct irreducible pseudo-
varieties. As a consequence, we also have D{G}= > .a.D:{G}; we
shall define {D; V, G}*= > «¥D;, D{G}*= > «¥D:{G}, where a*
=ah(D{F})(W(D:{G}))~1. Notice that D{F}*=D{F}. Similarly, if A=D{F}
and A{o} = D B:A;, we define A{v}*= > .8*A;, where B* =B:h(A)/h(A). If
D is not irreducible but is unmixed, the extension of these definitions is
self-evident. We now have: ord A{v}*=ord D{G}*=o0rd A=ord D{F},
which replace (7) and (9) of [1]. As a consequence of Theorems 3.2 and
3.5 of [1] we also have: dim D{G}=dim D—dim F, dim {D; V, G}
=dim D—dim F+dim G, dim A{v} =dim A=dim D—dim F. The number
o is not necessarily an integer; we defer until section 5 the discussion of
whether certain numbers which we shall obtain from time to time are integers
or not. Here we remark only that {D; V,G } * is a rational (effective) cycle,
that is, a formal linear combination of irreducible pseudovarieties with ra-
tional (positive) coefficients. Most notations and definitions valid for cycles
can be easily extended to rational cycles; from now on, cycle shall mean ra-
tional (effective) cycle, and we shall use the expression integral cycle to denote
a cycle with integral coefficients.

If D is irreducible, then D’ =rad {D; V,G } is a pseudosubvariety of D or
also of GX V; if {«, ¢} is a general point of D, homogeneous in the set {x},
and such that {¢} is a n.h.g.p. of F for which G is at finite distance, then the
minimal primes of @(D'/k[x, {]) are given by BNEk[x, ] when P ranges
among all the minimal primes of B(G/F)Q(G/F) [x]; the components of A {v}
are likewise in 1-1 correspondence with the minimal primes of B, R,[x].

When A{2} or {D; V, G} do not exist, we may still define A(v), A[v],
D(G), D[G], (D; V, G), [D; V, G] in the following manner:

A’=A(v) if A’ is an algebraic correspondence between K, and V such that
any n.h.g.p. of A’ is obtained by reducing mod P, a n.h.g.p. of A, where w
is a valuation of k(F)(A) which induces v in k(F);

Alv] is the join of all the A(); with the same proof as the one of Theorem
3.2 of [1] we derive that if {x} is the h.g.p. of A, then the components of
A[v] are obtained in the following way: consider any minimal prime P of
P,R, [x]; then the cosets of the x’s mod P give the h.g.p. of a component of
Alv], and conversely. We have A[v] =rad A{v} if the latter exists;

(D; V, G) is any subvariety D’ of D such that ¢(D’/D)N\k[z] = ¢(G/F),
{z} being the h.g.p. of F;

_[D; Vv, G] is the join of all the (D; V, G), and again a result similar to
Theorem 3.5 of [1] holds true; we have [D; V, G]=rad {D; V, G} if the
latter exists;

D(G)=Av, v, a;

D[G]=Av ipy.a; we have D[G]=rad D{G} if the latter exists;

Finally, the total transform {D; V, G] of G is the join of all the (D; V, P)
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for PEG; we shall never have occasion to use {D; V, G] in this paper.

Notice that the symbol D[P], as used in [1], coincides with the present
definition of D[P] only if P is a rational point of F.

2. The multiplicity of the quotient ring of a variety. We shall deal with
those particular local rings which are quotient rings of an irreducible sub-
variety of an irreducible variety over a field; these rings will be called geo-
metric domains; we say that a local ring is a local domain if it is an integral
domain. The expression “geometrical local ring” of [3] has a more general
meaning than our geometric domains. We assume the reader to be familiar
with the theory of local rings contained in [2].

If Ris a local ring with the maximal prime m, a subfield X of R, such that
R/m is a finite extension of the field K’ consisting of the cosets of the elements
of K mod m, will be called a basic field of R, and will be identified with K’;
geometric domains and their completions contain basic fields. Other prop-
erties of geometric domains of frequent use are the following ones (see [12] for
the proofs):

A geometric domain is analytically unramified, that is, its completion is
semi-simple (its radical is the zero ideal);

Any prime ideal p of a geometric domain R is analytically unramified, that
is, pR*=rad pR* if R* is the completion of R; this is a consequence of the
fact that R/p is also a geometric domain;

A geometric domain is analytically unmixed, that is, each minimal prime
of the zero ideal of its completion has the same dimension;

Any prime ideal p of a geometric domain R is analytically unmixed, that is,
each minimal prime of pR* has the same dimension, R* being the completion
of R;

An integrally closed geometric domain is analytically irreducible, that is,
its completion is an integral domain.

We say that the irreducible variety V over k is analytically irreducible at
its irreducible subvariety W if Q(W/V) is analytically irreducible.

If R is an integral domain, K(R) shall denote its quotient field.

If R is a local ring, {y,, s, g,} a set of nonunits of R, K a subfield of
R, we shall denote by K{{1, - - -, ¢-] or K{¢] the ring consisting of the
limits, in the completion of R, of the sequences { f,.}, where f,= ZLO b, Ps
being a form of degree i in ¢y, - - -, {» with coefficients in K; if K{{] is an
integral domain, then we shall put K{{} =K{t, -+, & =K&{¢)D.

We shall also make use of the results of [12] and [13], but we do not
assume any knowledge of the results of [3].

Let R be a complete local ring with the maximal prime m, and assume
it to be unmixed, that is, such that R/r; have all the same dimension when
t; (¢=1, - - -, ») ranges among the minimal primes of the zero ideal; let K
be any basic field of R (R being such that it has a basic field), and let
e, - -, ¢-} be a set of parameters of R; let S be the multiplicatively closed
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set of the nonzero elements of K { ¢]; then no element of S is a divisor of zero
in R, so that Ry exists; according to results of [2], Rg is an algebra of finite
order over K{¢]s=K{¢}; the number [Rs:K{¢}] [R/m:K]-is an integer
independent of K, and is called the multiplicity of R for {¢} and denoted by
e(R;¢)=e(R;¢1, -+ -, &r). If Ris a geometric domain, {;‘} a set of parameters
of R, R* the completion of R, then by definition the multiplicity of R for {¢ } ,
denoted by e(R; ) =e(R; {1, -+ +, §r), is given by e(R*; {).

The following result is contained in [2] (more exactly is contained in the
proofs of the lemmas which prepare the definition of multiplicity):

LEMMA 2.1. Let R be a complete unmixed local ring, {¢1, - - -, {,} a set of
parameters of R; let p1, « + -, D, be the minimal primes of (1R, and let q; be the
isolated primary component of {1R belonging to p;; set a=aq/\ - + - (N\q,, and
denote by o, 0;, T the homomorphic mappings of R having respectively the
kernels a, Gz, Ps; let L; be the length of q;. Then {ats, - - -, ag‘,}, {ode -+, a.{,},
{r.{z, ceey, 7-.~§‘,} are sets of parameters respectively of oR, iR, 7R, and we
have: 6(R; S TR g‘,)=e(¢rR; 08y = v 0, O'fr)= Z:=l e(aiR; 0',{2, ) o'l'g'r)
= Z},ll;e(nR; T,{z, ce, ‘I','g',-).

In the course of the next few proofs it is convenient to use some topological
means; although the notations used here are the usual ones, we shall give a
short description of them.

If Ris a ring, a metric in R is a sequence {2[.} (=1, 2, - - -) of ideals of
R such that %;1;CU; and that N2 A:=0. Two metrics {AP}, {AP} are
equivalent if for each integer ¢ there exist two integers j(z) and k(7) such that
AL CA? and AT AV, A topology in R is the set of all the metrics equiva-
lent to a given one; this amounts to saying that a topology in R is defined
by giving a metric {¥;}, and by defining the neighborhoods of an element
aER to be the cosets of a (mod ¥;). If T is a topology in R and {¥;} is any
metric belonging to T, then the property of a sequence of elements of R of
being a Cauchy-sequence or a zero-sequence according to the metric {?I,'}
depends only on T, so that we shall speak of T-Cauchy-sequences or T-zero-
sequences. Then the meaning of T-completion of R is clear; the T-completion
of R will be consistently denoted by Rr; it is well known that operations in
Rz can be defined in such a way that Ry becomes a ring containing R as a sub-
ring and a subspace. If T3, T, are topologies of the ring R, we shall write
T\CT, if T1#T. and if in addition every Ti-zero-sequence is a T-zero-
sequence. Since a sequence {a;} is a Ty-Cauchy-sequence if and only if the
sequence {b,—}, where b;=a;41—a;, is a Ti-zero-sequence, we see that the
notation TyC T is justified. If T; (i=1, 2) contains the metric {¥%"}, then
the metric {APNAP} belongs to a topology T which depends only on T
and T3; we shall set T'=T1/\T,. A sequence is a T-zero-sequence if and only
if it is a T;-zero-sequence for 1=1, 2, so that T4\ T} is the “largest” topology
T such that TCT; (¢=1, 2).
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If R is a local or semi-local ring in the sense of [2], the R-topology shall be
the natural topology of R.

Let T, T’ be topologies of a ring R, such that TCT’, and denote by T
also the natural extension of Tin Rr; then Ry contains a homomorphic image
of Rr, and the related homomorphic mapping is continuous; the kernel of
such a mapping will be denoted by (7”/T), and it is the set of the T-limits
of those T-Cauchy-sequences of elements of R which are T”-zero-sequences.
A result of [2] states that if R is a complete semi-local ring and 77 is the
R-topology, then TCT” for any topology T of R; and another result of [2]
states that if 77 is the R-topology of a semi-local ring R, and TCT' is a
topology of R induced in R by the S-topology of some semi-local ring S
containing R and such that each maximal prime of .S contains the intersection
of the maximal primes of R, then the homomorphic mapping whose kernel is
R(T’/T) is a mapping of Rr onto Rr.. These facts will be freely used without
making particular mention of them.

LEMMA 2.2. Let R be a geometric domain, K a finite extension of H=K (R),
R’ a subring of K containing R, integrally dependent on R, and such that
K=K(R'). If m is the maximal prime of R, let mj, - - -, m, be the distinct
primes of R’ which lie on m, and set Ri=R'w;, m;=m/R,. Let {;} be a set of
parameters of R, so that { ¢ } s also a set of parameters of each R;; then the fol-
lowing equality holds true: ) ;_, [Ri/mi:R/mle(R;; ¢) = [K:H]e(R; ).

Proof. Case 1. Assume R and R’ to be integrally closed, so that R’ is the
integral closure of R in K, and is a semi-local ring in the sense of [2]. Let
T, T', T; be the R-topology, the R’-topology, and the R;-topology respec-
tively. Then T; and T’ induce T in R by Theorem 3 of [13], so that R*
=(R;)r,and R"* = R} both contain R*=Ryr; R* and R* are integral domains.
From the definition of multiplicity we obtain

(1) [Ri/ms:R/mle(Rs; §) = [K(R*):K(R*)]e(R; ¢).

Let 5;&R’' (=1, - - -, u) be such that {b.-} is an H-independent basis of
K; since R’ is a finite R-module, there exists an element &R such that
every element of bR’ can be expressed in exactly one way as a linear com-
bination of &y, + - -, b, with coefficients in R. Let a€R’*, and suppose a =T"-
lim a;, a;ER’, so that ba=T"-lim ba;; set ba;= Y ;b;, a;;ER. Since {a;}
is a T"-Cauchy-sequence, we have

Z (aii - d,'_l,,')b,' € dm»DR',

where n(j) approaches infinity with j; hence aj;—a;-1,;€m*®, that is, a;
=T-lim;.,, a;; exists, so that ba= p_.b;, or a= ) b 'a;d;. We have thus
proved that {b;} is a K(R*)-basis for R§*, where S denotes the multiplica-
tively closed set consisting of the nonzero elements of R*. It is also a K(R*)-
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independent basis since the previous argument shows that if ¢ vanishes then
each a; has to vanish. But we have Rg*=(R*)s+ - - -+ +(R*)s by a result
of [2], so that (R*)s is a commutative algebra of finite order over K(R*), and
has no divisor of zero; hence (R*)s=K(R#*), and we have proved that
S IK(R#):K(R*)] = [K:H]. This and formula (1) yield the contention in
the present case. :
Case 2. Assume K =H, and take for R’ the integral closure of R. Let T,

T’, T., R*, R'*, R* have the same meanings as in case 1. Denote also by
T!, T; the topologies induced respectively in R’, R by Ty; then T"=TY
N -« -NT!, T=T"N ---NT,, and R"*=R*+ - - - +R* (remember that
R*=R%,). Since R’ is a finite R-module, there exists an element bER such
that bR'CR, hence bR¥*CRr,, and also K(R#*)=K(Rr,). As a consequence
we have

e(Ri; §) = [K(Rr): k{¢} ] [Re/mi: k],

k being a basic field of R. Set now v;=8(T:/T), so that Rr, ~R*/r;. From
the relation T/ - - - T, =T we derive 1y - - - MNr,=(0); no t; is zero,
and no t; contains another t; for j»4, since 1;< Y« R*. Hence the ts
are all the distinct minimal primes of zero, so that, by the definition of
multiplicity, we have e(R;¢) = 2o.e(R*/1:;§) = 2:[K(Re,) :k{¢} ] [R/m: k]
this, and the previous result, yield our contention.
Case 3 (general case). In this case we set S=integral closure of R in H,
S’ =integral closure of R in K, and denote by py, ps, « * - the minimal primes
of mS, and by pj;, pjp, + - - the minimal primes of m;S’; we also set S;=Sy,,
Sy =Sy Then, by case 1, Y.0[S,/p,Sy:Si/mSi)e(Sy: §) = [K:He(S; ¢),
where Y ranges over all the values of 4, j such that p,Cyp),. By case 2
2ilSi/mSi:R/mle(Sy; §) =e(R; §), so that D [Si/piSh:R/mle(Sy; ©)
=[K:Hle(R; {). Now, by case 2 we have D_;[S;/p,Sy:Ri/m;ile(Sy; ¢)
=e(R;; ), which, with the previous formula, gives our contention, Q.E.D.

LeMMA 2.3. Let R be a geometric domain; let {{1, sy, fr}, Py sty Pe
Ty, * * +, Ts have the same meanings as in Lemma 2.1. Let v;195, « - - be all the
distinct normalized (%) nontrivial discrete valuations of rank 1 of K(R) such that
C(vii/R) =pi, and set l;= D :($1) [Koi;:K(R/:)]. Then

e(Ri1, -+, &) = Zlie(TiR; Tl c 0y Til).

Proof. Case 1. Assume R to be integrally closed, and let R* be the com-
pletion of R, so that R* is an integral domain. By definition, we have e(R; {)
=e(R*; {). Let pi, i, + - - be the minimal primes of p;R*, and call g;; the
isolated primary component of {;R* belonging to v, and [; its length. If
7i; is the homomorphic mapping of R* whose kernel is p;;, Lemma 2.1 implies

(®) A nontrivial discrete valuation of rank 1 is said to be normalized if its value-group is the
additive group of integers.
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e(R*; {) = D ilize(TiiR*; Tiit2, - -+, Tiilr). Now, by Lemma 3 of [12], there
exists exactly one nontrivial normalized discrete valuation w;; of rank 1 of
K(R*) whose center on R* is p;;; w;; induces in K(R) the discrete normalized
valuations v; of rank 1 such that (°(v;/R) =9;, and v; stands in this case for the
whole set {v;;} (=1, 2, ---). Lemmas 3, 5 of [12] imply lij=wi;({1), so
that l;=v:(¢1) =wij(¢1) =1;. Hence Lemma 2.1 gives e(R; {)=e(R*; {)

= Z.-,-lie(an*; T.',{z, sy, T,'jfr) = Z;lfe(nR; 1‘,{2, sy, T{fr), which is the
contention.

Case 2 (general case). Let R’ be the integral closure of R; if m is the
maximal prime of R, let m{, mj, - - - be the minimal primes of mR’, and

set R;=Ry:, m;=m/R;. For a given p;, let p;, be the minimal primes of p.R’,
and let Q(zj) be the set consisting of the integers ¢ such that p;Cm, ; set
pijo =R, for any ¢EQ(ij). Let v;; be the nontrivial normalized discrete
valuation of rank 1 of K(R) whose center on R’ is p;;. According to case 1 we
have e(R; ) = 2@ v4;(81)e(TijoRa; Tiselar * + 1 Tijel¥), Tijq having an evident
meaning; 2@ denotes summation over all the values of 4, j for which
g€ 0(). If k, k, stand for R/m, R,/m, respectively, Lemma 2.2 and the
previous formula give

e(R; §) = 2 [kt k]e(Ry; §)
q
= Z 2:5($1) Z [kq:k]e(TﬁaRq; Tijgla * * * 5 Tiiglr)-
i €QGn
We can now replace, in Lemma 2.2, R by 7;R and the R,’s by the 7;;,R/'s
(7,  fixed, g€ Q(4f)), obtaining

> kotkle(riiqRe; Tiiga -+ * o Tiids)

?€Q 6
= [Kv;,‘:K(R/pi)]e(TiR; Til2, * 0 0, Tl
This and the previous formula give

e(R; ) = Z 0:i(60) [Koi :K(R/p) Je(riR; 7id2, - + -, 748)
= D Le(miR; ik, -+ -, Tikh), Q.E.D.

THEOREM 2.1 (ASSOCIATIVITY FORMULA). Let R be a geometric domain,
{;l, SRR g,} a set of parameters of R; for 0<s=<r denote by pi, ps, - - - the
minimal primes of the ideal Y :_, iR, and by o; the homomor phic mapping of
R whose kernel is ;. Then {a,{,ﬂ, ce e, o'.-g‘,} is a set of parameters of a;R,
{¢1, - -+, ¢s} is a set of parameters of Ry, and we have: e(R; {1, -« +, {r)
= Zie(RD;;yl: T f,)e(a;R;ou{Hx, R o't'fr)'

Proof. The theorem is true for any r and s =0. Assume it to be true for all
r <ro, and for r=r, but s <s; we shall give a proof for r=r, and s=s5¢>0.
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Denote by B; (=1, 2, - - - ) the minimal primes of Z‘};} ;R, and let Q(4)
be the set consisting of the ¢'s such that B, Cp,; let 7; be the homorphic map-
ping of R whose kernel is B;. For gE€Q(7) let v;4; (j=1, 2, - - -) be the distinct
nontrivial normalized discrete valuations of rank 1 of K(7;R) whose center on
7; Ris 7:p,. Then, by Lemma 2.3 applied to 7;R and by our recurrence assump-
tion, we have

e(R) 1, 00 0y g‘r) = Z e(R‘B.'; {1,200, g‘s—l)e(TiR; Tife, *°° ,Tig‘r)

1

= Z e(Rw.’; g-l: c g-s—l)

X 2 2 vias(rik) [Kuast K(R/99)]} -
9€EQ(»%) J
X e(aoR; 048ap1, = * + 5 0487)

(9)

= 2 { X eRefn, -+, ) X ias(ritd) [Kewas 2 K(R /) 1}

q
X 6(0'qR; 0q§.3+1, ] aqg‘f)y

where D.(9 means summation extended over all the values of 7 for which
¢€Q(7). Now, Lemma 2.3 applied to 7;R;, and to its only parameter 7.{, gives
e(TiRy 5 Ti8s) = 2 i0i(1:8s) [Koy :K(R/90) ], so that

(9)

Z e(R?B;; §, 00, g's—l) Y‘ viqi("ifs) [Kviqi:K(R/pq)]

(9)

= Z e(R‘B;; g-h ) g‘s—-l)e(TiRl‘q; Tig‘s) = C(qu; flr Sty g‘s)

because of our recurrence assumption. Hence e(R; {1, « -+, &) = qu(qu;

$1, 00 0, §)e(0gR; gfstr, - - -, 048n), Q.E.D.
3. The decomposition theory of a geometric domain.

LeEmMA 3.1. Let R be a geometric domain, m its maximal prime. Let x be an
indeterminate, and set R* =R [x|mrr. If {1, - - -, {-} s a set of parameters
of R, it is also a set of parameters of R*, and e(R; {) =e(R*;{).

Proof. Assume the result to be true when 0 <dim R <r; then, by Theorem
2.1, it is also true when dim R=r. Therefore it is sufficient to prove the re-
sult in the case r=1. In this case let v; (¢=1, 2, - - - ) be all the distinct non-
trivial normalized discrete valuations of rank 1 of K(R)=H whose centers
on R are m; according to Lemma 2.3 we have e(R; {) = D> :(¢) [K.,: R/m].
Let v* be the unique extension of v; to H(x) such that K,; =K, (x’), where x’
is the v*-residue of x and is transcendental over K,;; then the v*'s are all
the distinct nontrivial normalized discrete valuations of rank 1 of H(x) whose
centers on R* are mR*, so that e(R*; {)= D 0X*{) [Kv;:R*/mR*]; but
v¥(§) =2:(5), Ko;=Ko,(x'), R*/mR*=(R/m)(x'), Q.E.D.

Let K be a finite extension of a field H, and let v be a valuation of H;
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let N be the smallest normal extension of H containing K; let & be the Galois
group of N over H,  the Galois group of NV over K; let {01, cee, 6,,} be a
set of representatives of the left cosets of § in ®. Let w be any extension of
v to N, and denote by v; the valuation of K induced by o7 'w; then each v;
is an extension of v to K, and each extension of v to K is an element of the
set {v1, - - -, 9.} [5]. Wecontend that this set does not depend on w or on the
choice of the ¢/s. In fact, let {r;} be another set of representatives of the
left cosets of © in ®, so that 7;=0h; for some h;E9; then 7; 'w="5; 'o; 'w,
and this induces v; in K. On the other hand, if %’ is another extension of v to
N, we have w’ =ow for some 0 €®; then ¢ 'w’' =] 'ow, and o] 'o& Ho} o if
15£j, so that the valuations induced in K by {a{law} are the same as those
induced by {cr{lw} , possibly in a different order.

The set {vy, - - -, .}, which depends only on v, and which is formed by
all the extensions of v to K, each repeated a certain number of times, will be
called the complete set of extensions of v to K. It is easily verified that, for a
given extension ¥’ of v to K, the number of »,’s which coincide with v’ equals
the number of left cosets o9 which contain some element of the decomposi-
tion group (on H) of a fixed, but arbitrary, extension of v’ to N (see [5]).

The above definition can be extended to the case in which K is any
algebraic function field over H: assume K=H(§, - - -, &n), and set
d=transc K/H;if xo is an indeterminate, set x;=x0£; (=1, - - -, m), so that
K’'=H(xo, * * *, *m) is homogeneous in the set {x}, and K is the set of homo-
geneous elements of K’ of degree zero. Let ¢;; be indeterminates (¢ =0, - - -, d;
j=0, - -+, m), and set y;= D™, tix;, H*=H(t), K*=K'(t). Now K* is a
finite extension of H*(y) by Lemma 2.1 of [1]. If v is a valuation of H, let
v* be the unique extension of v to H*(y) such that the v*-residues of
tooy = * * 5 tamy Yo, * -+, Ya are algebraically independent over K,, and let
{vl*, ce e, v,.*} be the complete set of extensions of v* to K*; each v is
the unique extension to K* of a valuation v; of K, the extension being such
that the v*-residues of fgo, * - -, tam, ¥o are algebraically independent over
K., The set {, - - -, v.} is called the complete set of extensions of v to K
with respect to {xo, - + +, ¥m} orto {&, + - -, £n}. It consists of all the exten-
sions of v to K, of dimension d+dim v (over whatever ground field we
choose), each repeated a certain number of times. The definition is justified
by the fact that if K is a finite extension of H, then this set coincides with
the previously defined complete set of extensions of v to K. We also have thatv
and each ; have the same rank.

We now wish to extend these considerations to geometric domains. In the
next few lemmas we shall keep the following notations fixed: F is an ir-
reducible variety over the field 2, H=Fk(F), G is an r-dimensional irreducible
proper subvariety of F, R=Q(G/F), m=B(G/F); K'=H(xo, - + + , Xm) is an
algebraic function field over H, homogeneous in the set {x}, and K is the field
consisting of the homogeneous elements of degree zero of K’, so that HCK;
d is the transcendency of K over H; ¢;; (1=0, - - - ,d+1;j=0, - - -, m) are
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indeterminates, and y;= Y 1, tix;; k*=k(t), H*=H(), K*=K'(t), R*
=R[t|mrig, m*=mR*; my, - - -, m, are the distinct minimal primes of
m*R*[x]; we also set R*=R*[x]m,, R;=R¥*N\K; now K* is a finite exten-
sion of H*(yo, -+, vs); let N be the smallest normal extension of

H*(yo, - - -, ¥4) containing K*, & be the Galois group of N over
H*(yo, + + +, ¥4), § the Galois group of N over K*, {o’l, BRI a,,} a set of
representatives of the left cosets of § in ®, O=R*[oyx, - - -, 7.x], so that

N=K(D). Let ¥(¢, yo, * - * , ¥a, ¥) be a polynomial of H|[t, yo, + * -, ya, Y],
of least degree in the #'s, in Y, and in each y;, such that Y(¢, yo, * * *, ¥4, Yat1)
=0; then ¢ is a form in ¥y, + + -, v, ¥ and also in the ¢#'s, because
¥=¥;,,...4,¥A, where A is the irreducible algebraic correspondence be-
tween H and the variety over & whose h.g.p. is {x}, determined by the em-
bedding of H in K.

LeEMMA 3.2. If { is such that its coefficients are proportional to elements of R,
one of these being a wunit, then yay1 and O are integrally dependent on
R*[yo, - - -, ya], and conversely.

Proof. The converse is clear. In order to prove the direct, assume the
condition to be fulfilled, and set t;=t;;+cday1,; (6=0, - - -, d), thr1,;="tar1.s
where aER; let y{ (1=0, + - -, d+1) be constructed starting from {t{j} as
y; is from {tij}, so that ¥/ =y;4+aysy (=0, - - -, d), yir1=ya+1. There
exists an isomorphic mapping 7 of H*[yo, - - -, yas1] onto itself such that ma
=aif a€EH;wtij=t};, myi=9!.Set ¢'(4, ¥o, * + -, ¥a, V) =Y (', yo+al, - - -, ya
+a¥, V). Assume ¥(t, Yo, * * , Yay Y)= D ()@ep-oeq,y (DI - - - ya Y041
if g is the degree of ¢ in {yo, - - -, ¥4, Y}, the coefficient of Y7 iny’ is 4 (¢')
= Z(,}a,,,(t’)a"”'“*’d, and this is a unit of R* if and only if 4A(¢) is a unit
of R*. Since one of the a,(¢) is a unit of R* and H is infinite, « can be selected
in such a way that 4() is a unit of R*. Since ¥'(¢, %o, * * *, Y4, Ya+1)
=myY(t, vo, * * *, ¥a, Ya+1) =0, this proves that y4;, is integrally dependent
on R*[yo, - - -, 4], and that already in ¥(¢, yo, - - *, ¥a, ¥) the coefficient
of the highest power of Y is a unit of R*.

Now, consider ¢(¢, ¥o, * - -, ¥4, Y) as a polynomial in V; it is possible
to find m+1 sets {t&; 0, + - -, d¥11m} of units of R such that (1) det (£, ,
is a unit of R, and (2) the coefficient of the highest power of ¥ in ¢ remains
a unit of R* after replacing the t41,;’s by the £$);,'s. When such replacement
takes place, the relation (¢, o, * * *, ¥4, Ya+1) =0 becomes an equation of
integral dependence of i), x; on R*[yo, - - -, ya]. Therefore there are
m-+1 linear combinations of the x’s, with coefficients which are units of R
and whose determinant is a unit of R, which are integrally dependent on
R*[yo, - - -, ya]. This proves that each x; is integrally dependent on
R* [yo, L yd_], QED

Using the same argument we can prove the following result:

COROLLARY. If v is any valuation of H over k, and v* is the unique extension
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of v to H* over k*, then each x; is integrally dependent on Ry [yo, - - -, ya]. As
a consequence, each x; is integrally dependent on H*[y,, - - -, ya].

LemMA 3.3. Let v be an r-dimensional valuation of H over k whose center
on R is m; let v* be the unique extension of v to H*(yo, -~ +, ya) over
k*(yo, * + *, ¥a), and let w be an extension of v* to N (or to K*). Then the center
of won O (or on R*[x]) has dimension r+d+1 over k*.

Proof. R, contains O as a consequence of the corollary to Lemma 3.2.
We have dim w/k*=r+4d-+1, hence (°(w/9) has dimension not greater than
r-+d+1; but since it lies over m*R*[y,, - - -, y4] it must have dimension
not less than r4+d-+1, Q.E.D.

LemMA 3.4. For any r-dimensional valuation v of H over k with center m
on R, let v* be its unique extension to H*(yo, - - -, ya) over k*(yo, = + +, Ya);
for a given 1, denote by U(7) the set of those v's such that v* has some extension
w to K* for which m;C((w/R*[x]), and let M(, v) be the set of such w's; then:

(1) mi=NugvwNueri.nCw/R*[x]);

(2) each m; lies on m*R*[yo, - - -, ya| and has dimension not less than
r+d+1;

(3) for each i, there is some prime of O which lies on m,.

Proof. Assume (1) to be true; then m*R*[y,, + - -, ] Sm; CC(w/R*[x])
for some w; hence dim m;=dim (C(w/R*[x])=r+d+1 by Lemma 3.3;
also m*R* [yov T yd]gmtmR* [yor T yd]g@(w/R* [yov ] yd])
=m*R*[yo, - - -, ya]. This proves assertion (2).

Again under the assumption that (1) be true, we have, for a given 1,
MmO S Mg vNwemimNwC(@'/O), where w' ranges among all the exten-
sions of w to N; hence m;ONR*[x] CNucvNwe wi.mC(w/R*[x]) =m;; this
proves that m;ON\R*[x] =m;, from which (3) follows.

There remains to prove statement (1). This and (2) are equivalent to a
part of Theorem 3.5 of [1], and we shall here translate into algebraic terms
the proof of Theorem 3.5 of [1].

Set m! =m;\R[x], so that dim m/ /k=dim m,/k*=r+1; hence m/ is the
intersection of all the (r41)-dimensional primes containing it. If B’ is any
one of these, set B =P’'R*[x], so that dim B/k*=r+1. Let N(P) be the set of
all the r-dimensional valuations v of H having center m on R, such that
C(w/R*[x]) P for some extension w of v* to K*. We contend that N(P) is
nonempty: in fact, let @’ be an r-dimensional valuation of K whose center
on R[x] is P’; w’ induces in H a valuation v of dimension not greater than 7,
whose center on R is m; hence dim v=r. Let 2’ be the unique extension of v
to H* over k*, w* the unique extension of w’ to K* over k*; then
Ry [yo, - -+, ¥a] SR+, and P+ contains P, [yo, - - -, ya), and therefore it
also contains some minimal prime p’ of B.-[x]. Let S be the integral closure
of R, [x], p one of the minimal primes of ’S. By the corollary to Lemma 3.2
the x's are integrally dependent on R, [yo, * - -, ¥4, so that S is the integral
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closure in K* of R, [y, - - -, ya]; if T is the multiplicatively closed set
Ro[yo, - = -, ¥a)=Bw [y, - - -, ¥a], we have that Sy is the integral closure
of Ry [ys, - + -, ¥aJr=R,+, and pSr is a minimal prime of P,; hence S,CR,,

for some extension w of v* to K*, and C(w/R*[x]) =p’NR*[x] CC(w*/R*[x])
=9. This proves that vEN(P).

For & N(P) set D(v) =intersection of those (°(w/R*[x]) such that w is
related to v as previously stated, and that ((w/R*[x])+m.CP; set also
M=UpyDuN@B), A=N.cuD(). Since AP for each P, we have AT m;, so
that m; contains some minimal prime B of ¥ ; clearly there exist a subset M’ of
M and for each v& M’ an intersection ®’(v) of components of D(v), such that
B =N.cD'(v). Each D'(v) contains m*R*[x], hence the same is true of B,
which proves that B =m;; this completes the proof, since U(t) =M’ and
D' (v) =Nug mnC(w/R*[x]), Q.E.D.

We shall now give the following definition: let, say, R; have the same
dimension as R; for a given r-dimensional valuation v of H whose center on
R is m, let #,(v) be the number of elements of the complete set of extensions
of » to K with respect to {x} whose valuation rings contain Ry; if 7:(v) does
not depend on v, it will be denoted by e(Ri/H; x).

THEOREM 3.1. Let F be an trreducible variety over k, G an irreducible r-
dimensional subvariety of F, R=Q(G/F), H=Fk(F). Let D be an irreducible
algebraic correspondence between F and an irreducible variety V over k, A
=D[F), {x} the h.g.p. of A, K=H(A). Let D, be a component of [D; V, G]
which has the dimension r+dim A (if there is any); set Ry=Q(D)/D), A,
=D:[G]. If v is a valuation of H whose center on F is G, let C(v) be the complete
set of extensions of v to K with respect to {x}, and let n(v) be the number of ele-
ments of C(v) which have the center D, on D. Then we have:

1. e(Ri/H; x) exists if and only if n(v) does not depend on v when v is a
prime divisor of H;

2. if e(Ri/H; x) exists, then e(Ri/H; x) =n(v) for any v;

3. if e(Ry/H; x) exists, and if {g‘ } is a set of parameters of R, then

e(R1; §) _ e(Ri/H; x) ins A

’

e(R;¢) B ord A,
4. if F is analytically irreducible at G, then e(Ri/H; x) exists;
5. let v1, -+ -, v, be the distinct elements of C(v) whose center on D is D,

(I will generally depend on v); then, if v has the dimension r, we have

n(v) ins A[K,: k(G)] = ord AIZI [To;: T, ] [Ko;: k(DY) ].

i=1

’

Proof. Let R¥, yo, * + +, ya+1, H*, - - - have the previously stated mean-
ings. Dy corresponds to an m;, say my, which has the dimension r+d+1; by
Lemma 3.1, e(Ry; ) =e(R*[x]m,; ¢), and e(R; §) =e(R*; {) =e(0; {), having set
0=R*[yo, - * *, Ya]m'Riyo.---wa- If ¥ is a valuation of H, we shall consistently
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denote by v* its unique extension to H*(y, * - -, ¥4) over k*(yo, * + *, ¥a);
if u is any extension of v* to N, n(v) equals the number of valuations o7 '«
(j=1, - - -, n) whose center on R*[x] is m;. An extension w of v to K has
center D; on D if and only if its unique extension w* to K* over k* has the
center m; on R*[x]; and this will be the case as soon as m;C((w*/R*[x])
(see Lemma 3.4).

The proof will be achieved in several steps, the numbering of the steps
having no relation to the numbering of the contentions.

Step 1. Assume e(R;/H; x) to exist, and let v be a valuation of H whose
center on F is G, so that dim v=7; let ¥’ be an r-dimensional valuation of H,
compounded with v, and whose center on F is G (such ¢’ certainly exists);
then there is a 1-1 correspondence w;—w/! between C(v) and C(v’) such that
w! is compounded with w;, and we have C(wi/R[x]) CSC(w!/R|[x]). If 1 is
such that C(wi/R[x])=mNR[x], then mN\R[x]SCw!/R[x]), hence m,
NR[x]=C(w;/R[x]). Conversely, if E(w!//R[x])=mNR[x], then
C(wi/R[x]) SmNR[x], C(w#/R*[x]) Smy; but m*R*[x] SC(w#/R*[x]), or
finally C(w#*/R*[x]) =m,. This shows that n(v) =n(¥') =e(Ri/H; x), which
proves assertion 2 and a part of assertion 1.

Step 2. From the theory of the decomposition group of a valuation as
given in [5], [6], one derives that the number #; of elements of C(v) which
coincide with a given v;& C(v) fulfills the relation

) niins A = [[p;iTp] [Ky; ot Koel;

now, if dim v*/k*=r we have [K,s:Kx][K.,:k(G)]=[K,;:k(D1)] ord 4,
from which statement S follows.

Step 3. Let F be analytically irreducible at G, so that R, R*, and o are
analytically irreducible; set 0* = R* = R*[x ]m,; then 0 Co* because m, lies on
m*R*[yo, - -+, y4] by Lemma 3.4. Let v be a prime divisor of H whose
center on R is m, and denote by b, 5* the completions of o, 0* respectively,
so that p is an integral domain. By the same argument used in the proof of
Theorem 4 of [13] we obtain that: 3* is a finite §-module, o* is integrally
dependent on 5, and v* has a well determined extension # to K(3) whose
center on 9 is m*d. Let S be the integral closure of o*, M1, Ms, + - + the mini-
mal primes of mS, and set S;=Sm,; denote by S; the completion of S;.
Since m*S; is a primary belonging to the maximal prime of S;, and such
maximal prime has the dimension 7+d+1 over k*, we have again that each
S; is a finite 5-module, so that 7 has finitely many extensions ¥;; to K(S),
and S;CR;, for each j. Each #; induces in K* an extension v, of v* to K*
such that S;CR,;; and C(vj/S:) =M:S;, or also C(vf/R*[x]) =my; clearly,
since C(v5,/S) =M;, if 17k no v}; coincides with any vy Conversely, if w*
is any extension of v* to K* whose center on R*[x] is m;, then C(w*/S) =M;
for some 4, and w* can be extended to a @ of K(S;) (since S is an integral
domain); @ induces in K(d) the valuation #, which proves that @ is one of



1951] LOCAL PROPERTIES OF ALGEBRAIC CORRESPONDENCES 367

the #’s, and that w* is one of the o}
We mow have  [KIS9:K® |~ 3,(05:Ts(Ksy:Kv] = SolriTo]
X [Ku;: Ko |5 then e(Ss; §) [So/DiSit0/m*o] = [K(S)): [((o)]e(o 0, which, to-
gether with the previous equality, yields e(o; §) D ;[TufiTo [ [Kop: K]
=e(S:; §) [Si/M:S::0/m*o]; summing with respect to 7, and by Lemma 2.2,
we obtain: e(0; §) D [Top,: T ] [Kop Kor ] = [0*/muo*:0/m*0 Je(0*;

We now have o */mlo* o/m*o] ord 4,, and, by formula (2),
2 [Ty T ] [Kop i Ko ] =n(v) ins A, so that 7(v) ins Ae(R; ) =ord Ae(Ry; §).
This proves statement 3 under the stronger assumption that F be analytically
irreducible at G, and also proves that #(v) does not depend on .

Step 4. Assume #(v) to be independent of » when v is a prime divisor of
H;let {ao, - - -, a.} be the h.g.p. of F, and assume G to be at finite distance
for ao; set a;=a,a;"'. Let F; be the model of H whose h.g.p. is {aoco, ce e,
QoCyy * * * y QY } , the ¢;'s being forms in the a’s proportional to the coefficients
of ¥, ,A; let F’ be a normal associate to F;. Let v be an r-dimensional valua-
tion of H over k with center G on F;if G’ =((v/F’), since v is at finite distance
for ao we have that Q(G’/F’) contains k[a] and therefore contains R; hence

r=dim G'<dim v=r, or dim G’'=r. Assume v to be at finite distance for,
say, co; then cicg'ER'=Q(G'/F’). If R'*, ' are constructed from R’ as R¥,
£ have been constructed from R, the last remark, in view of Lemma 3.2,
proves that each x and O’ are integrally dependent(®) on R'*[y,, « - -, val.
Let 9’ be a prime divisor of H whose center on F’ is G’, and construct, as
usual, v* and v'*; let w be any extension of »* to N, B=0C(w/L’). Then
dim B/k*=r+d+1, and, because of the integral dependence, P is a minimal
prime of m*®’, so that (by the same argument used in the proof of step 3)
there exists an extension @’ of 9"* to N whose center on ' is B; since all the
extensions of v* (of v'*) are conjugate to w (to @’) in @, we have that the sets of
the centers on £, hence also on 9, of the extensions of v*, v"* to N coincide.
This proves that #(v) =n(2’) ; but, by assumption, #(2") does not depend on ¢,
so that #(v) does not depend on v, that is, e(Ri/H; x) exists. Statement 1 is
thus completely proved.

Step 5. Assume e(R;/H; x) to exist. Let S be the integral closure of R,
P1, - - -, P, the minimal primes of mS, and set S;=Sy,. From each S; and
from S construct S#*, S* in the same manner as R* is constructed from R.
Given the prime divisor v of H whose center on F is G, the center of v on S
will be some p;; let Pa, - - -, Bu, be those, among the distinct minimal
primes of p;S*[x], which lie on m; (and which therefore have dimension r);
they are all the centers on S#*[x] of those extensions of v to K* over
kE*(yo, + * -, ¥a) which have center m; on R*[x]. Therefore, if #;; is the num-
ber of elements of C(v) which have the center B;; on S#*[x], we have > %, ny;
=¢(Ry/H; x). Since now S; is analytically irreducible, by step 3 we have

(%) This argument is equivalent to the second proof of Theorem 4.3 of [1].
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ni; ins Ae(S;; ) = [Sij/‘BejS.-j:S;*/p;Si*]e(S;j; ¢), after putting S;;=S¥ [x]%a,--
Summation with respect to j yields
ls

e(Ri/H; x) ins Ae(Si; &) = D [Sii/BiiSii:S*/0:5*e(Sis; €)

=1

ord Al . .
= Bosarym] = S/ BusSis: KRe []/m) JeSuss ),

and summing with respect to 7:

e(Ry/H; 3) ins AY. [S/piSs: R/m]e(S; ¢)

i=1

M
= ord Al'zl 2 [/ BiSe: K(R*[x]/m) Je(Sis5 9).
1= 1
Now, the ideals B;;N\S*[x] (i=1, - - -, u;j=1, - - -, I,) are all the distinct
minimal primes of m,S*[x], so that Lemmas 2.2, 3.1 imply e(R,/H; x)
Xins Ae(R; §) =ord Ae(Ry; ). This completes the proof of statement 3.

Step 6. Let F be analytically irreducible at G. Then, by step 3, #(v) does
not depend on v when v is a prime divisor of H; we can then apply step 4,
obtaining that e(R,/H; x) exists. This proves statement 4, Q.E.D.

If F is not analytically irreducible at G, then e(R,/H; x) generally does
not exist; it may happen, however, that e(R/H; x) exists for some special
D even if F is not analytically irreducible at G. This is the case, for instance,
when { D; V, G} exists (see Theorem 5.2); a general result in this direction is
given in Theorem 5.5.

4. The reduction theorem. Let D be an algebraic correspondence be-
tween the irreducible varieties F, V over k, every component of which
operates on the whole F; let G be an irreducible subvariety of F such that
{D; v, G} exists; if D’ is a component of {D; v, G}, the coefficient of D’ in
the expression of { D; 7, G} or of { D;V, G}* is called, respectively, the
multiplicity of D' in {D; V, G} or in {D; V, G}*. A similar definition ap-
plies for the multiplicity of a component A’ of A {v} or of A {v} *,

THEOREM 4.1. Let D be an irreducible algebraic correspondence between the
irreducible varieties F, V over k, operating on the whole F. Let G be an ir-
reducible subvariety of F such that D{G} exists; let {{1, - - -, ¢} be a set of
parameters of Q(G/F); let D' be a component of [D; V, G|, o the multiplicity
of D' in {D; V, G}*. Then {;‘} s a set of parameters of Q(D’'/D), and

_ deD/D);8)
e(Q(G/F); §)

Proof. Set H=k(F), R=Q(G/F), m=B(G/F). Let {xo, - - -, xn} be the
h.g.p. of a component of Vi of which D{F } is a subvariety. Let ¢ be a de-
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termination of ¥,,D{F} which, considered as a polynomial of H[t, ¥], has
all its coefficients in R, one of them being =1; this is possible because D {G}
exists. Set R* = R|[t|mr[g, m* =mR*. Denote by 7 the homomorphic mapping
of R*[y] whose kernel is m*R*[y]. Then D’ corresponds to an irreducible
factor ¢ of 7y in the following manner: D’ corresponds to ¢ if ¥,,D’[G] is a
power of ¢, say ¢*; and in this case a =k(D[F])(#(D’[G]))~u. ¢ corresponds,
in turn, to a minimal prime I of m*R*[y]+y¢R*[y]; set S=R*[y]m; then
S has the set of parameters {tﬁ, Ci, + 0 0, {,}. Set p=rad ¢S, P=rad m*S;
then p and P are prime ideals; the homomorphic mapping whose kernel is P
is an extension of 7, and will be denoted by 7; denote by ¢ the homomorphic
mapping whose kernel is p. Theorem 2.1 gives:

e(S; &, ¥) = e(Ss; $e(rS; ).

Now, Sg=R*[y|mr; and, by Lemma 3.1, e(Sp;{) =e(R;¢). On the other
hand, (1$)¢™* is a unit of 75, so that e(+S; nY) =e(rS; ¢*). Since 75 is the
quotient ring of the principal ideal ¢(7R*)[ry], it is a valuation ring R,; if
v is normalized, then v(¢)=1. Lemma 2.3 implies then e(rS; ¢*) =u. We
have thus proved the formula

e(S; ¢, ¥) = pe(R; §).

On the other hand, Theorem 2.1 also gives e(S; ¢, {) =e(Sy; ¥)e(aS; o)
=e(0S; a{) since e(Sy; ¥) =1 because ¥ is a regular parameter of Sy. As a
consequence, e(aS; a¢) =ue(R; ¢). Since ¢ induces an isomorphism in R*, we
shall write ¢, R*, m* in place of o¢, oR*, sm*. We have that ¢ is a minimal
prime of m*R*[oy] (¢ having been extended to the homomorphic mapping
of R*[x] whose kernel is @(D[F]/H[x])H(t)[x]"\R*[x]), and that
(eM)R*[ox] has exactly one minimal prime M; if S’ =R*[ox]m, then S’
MNH((ox1)(0%0)7Y, - - -, (02m) (0%0) ") = Q(D’/D), and e(S";¢) =e(Q(D'/D);{).
Moreover, by Lemma 3.2 we have that each ox;is integrally dependent on
R*[oy], so that we can apply Lemma 2.2, obtaining

[S7/MS":6S/aM]e(S"; ©) = [H(, ox):H(2, oy)]e(sS; ©).
Finally wehave: [S"/DS":0S/eM] =h(D’[G]),[H(t, 0%) : H(t, o) | = k(D [F]).

Hence
e(QD'/D); YWD’ [G]) = uh(DIF])e(R; §), Q.E.D.

Theorem 4.1 is the generalization of Lemma 5.4 of [1], and also brings
to light a flaw in the proof of that lemma; in fact, formula (11) of [1] should
read “e=[I'w:Ty; ]k, where h=[H*(x):H*(y)],” and this is of immediate
proof since &= [[', :Ty ] (7). (The false step in deriving the original formula
(11) was the unproven assumption H* Ck*(y).) As a consequence, in the nota-

(?) The tilde of the original paper is here replaced by a prime (') for typographical reasons.
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tion used in the proof of the lemma, we have kA’ {v} =A{v}, and not A’ {v}
=A{v}. This does not affect the fact that A{s} describes a pencil. The modi-
fications, on the safe side, needed in the statement of Lemma 5.4 of [1] are
the following ones: « - - - k(G(P)) =H if P is simple; otherwise H is purely
inseparable over k(G(P)). Conversely, any simple pencil on V can be obtained
in the described way.”

It can now be asked if also Lemma 5.3 of [1] has a generalization. That
this is the case will be shown in section 5.

THEOREM 4.2 (REDUCTION THEOREM, ELEMENTARY CASE). Let Vi, V,
be irreducible varieties over k, of dimensions ry, ry respectively; let W; (1=1, 2)
be an irreducible si-dimensional subvariety of Vi, and let D be an irreducible
algebraic correspondence between Vi and V,, operating on the whole V;; let U be a
common component of [[D; Vi, W;]; Wi, W;] (i, =1, 2; i57), of dimension
dim D+s;4ss—r,—7s. Then U operates on the whole Wy and W,. Let D?,
DY, - - - be the components of [D; V;, W;] containing U; then each DP has the
dimension dim D—+s;—r; and operates on the whole V;. Assume {D; V;, W;}*
and {D§,”; Wi, W;} * to exist, and let oi;n, Bin be the multiplicities of D, U in
{D; V;, W.}*, {DP; W;, W} * respectively. Let {0} be any set of parameters
of Q(W./V.). Then

> anBu = > amBa
3

h
= ¢(QU/D); §®, {@)e(Q(W1/V1); § D) 1e(Q(Wa/V2); @),
and this number is called the multiplicity of U in {D; Wy, Wy} *.

Proof. The only assertion which needs to be proved is the last one.

Write Dy, - - -, D, in place of D®, D@, . . . ; according to Theorem 4.1
we have that ay; is given by e(Q(Wy/V2); {®)~1e(Q(Di/D); {®). For the
same reason, By, equals e(Q(W1/ V1) ; {®)~1e(Q(U/Dy);¢™), so that Y ;asiBe =
e(Q(W1/ V1) D) 1e(Q(Wa/ Va); §®@)~1 201 e(Q(D:/D); {®)e(Q(U/D3); ¢ D).
But Theorem 2.1 implies Y 5., e(Q(D:/D); {®)e(Q(U/Dy); ¢™) =e(Q(U/D);
{0, ¢®), Q.E.D.

5. The behavior of fundamental points.

THEOREM 5.1. Let A be an irreducible algebraic correspondence between the
algebraic function field H over k and the irreducible variety V over k, and let {x}
be the h.g.p. of A;if v is a valuation of H over k, let A’ be a component of Alv],
and let B be the multiplicity of A’ in A {v} * Let C be the complete set of exten-
stons of v to H(A) with respect to {x}, and let m be the number of elements of C
which are related to A’; then
m ins A

ord A’

Proof. Let Y(yo, + + +, ¥a, ¥) be a determination of ¥;,,,...,,,,vA having
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all the coefficients in R,, one of them being equal to 1. Set H*=H(t), K*
=H*(x), k*=Fk(); let v*, w be the unique extensions of v to H¥,
H*(yo, + + +, ya) over kB*, k*(yq, + - -, ya) respectively. Let N be the smallest
normal extension of H*(yq, * - +, ¥4) containing K*, @& the Galois group of
N over H*(yo, * * +, ¥a), O the Galois group of N over K*; let {o‘l, N a,.}
be a set of representatives of the left cosets of § in ®, o1 being in 9. The
polynomial ¢¥(yo, * + +, ¥4, V) is irreducible over H*(y,, - - -, ¥4), but it
acquires the root Y=y4;; in K* Hence ¢ splits completely in N, namely
Yo+ -y Ya Y)=a]]7-1 (Y —0yas1)?, where e=exp A and v*(a) =0 (Lemma
3.2). An extension @’ of w to K* is related to A’ if the following statement is
true: let 7/, = be the homomorphic mappings of R, [x], R, with kernels
C(w' /Ry [x]), B respectively; let ¢(yo, - -+, ¥4, ¥) be the irreducible factor
of @W(yo, * -+, ya, ¥) such that ¥, ..., vA’" is a power of ¢, say ¢*; then
¢=0 is, but for a factor in K,, the minimal equation of #’'ys1 over
K (y0, - * -, ya4) (having identified y; with wy; and 7'y; for =0, - - - , d). An
equivalent way of looking at the connection between w’ and A’ is the following
one: A’ corresponds to a minimal prime P of P,+R,+[x], the correspondence be-
ing such that ¢ =0 is, but for a factor in K,+, the minimal equation of y4;; over
H*(yo, + + +, ¥a) mod PB; then w’ is related to A’ if C(w'/Ry[x]) =P. We also
remark that any other minimal prime of PB,+[x] induces a dlstmct ideal in
Ru+[y0, * * +, ¥as1], and that Bh(A’) =ak(A).

This being established, let wy, - « +, w, be the distinct extensions of w to
K*related to A’, that is, having the center B on R, [x]; let #; be any extension
of w; to N, and suppose that the values of j for which ¢; ', induces w; in K*
(=1, -+ -, v) are pu;a+1, - -+, us; we have, in particular, po=0, u,=m
Let 8 be the decomposition group of u; over H*(yo, - - -, ¥a) (see [5] and
[6]). For j=1, - - -, u1 we have g; 'u;=hu, for some hE€ 9, depending on j;
we may assume that oy, - - -, 0y, have been selected in such a way that the
I’s are all equal to 1. Then ;&3 for j<u;, and any 2E 3 can be written in
the form ¢;k with j<u, and REHNB; in particular, we can take o;=1. Set
R=R,[x]/PB, and extend 7 to a well determined homomorphic mapping 7’ of
R, [x] onto R, so that R=K,[r'x]; let now m denote a well determined
homomorphic mapping of O=R,[o1x, « - -, ¢.x] onto O/C(u1/D) = D, we
shall assume ; to be an extension of 7/, so that RCD Set &;=mor" for

j=1, -+, m, so that ¢; is an automorphxsm of © over Ko [yo, - -+, yal.

Now we have to take care of the values of j greater than ;. For an 1>1
(but =v), and for a j>pu;—1 but Zu;, we have that a,"lu1=ha;iil+1u1 for some
h&E D depending on j, and again the elements 7, 42, + - +, 0,; can be selected
in such a way that A=1; we then set mi=mo,_41, ¢;=mo;m; . Now m; is
another well determined homomorphic mapping of O onto ©, and its kernel
is C(ui/O), where u;=0, y1u1, while &; is an automorphism of O over
K,«[yo, + + -, ¥a]; in particular, &,,_41=1.

In the following consideration we let 7 take any of the values 1, -+ ., »,
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while 7 is such that u; 1 <j=Su: If cE3 we have oo;u;=0u;=u,, hence o7;
=0k for some !l such that p;1<I/=pu; and for k& P; besides, the mapping
j—lis a 1-1 correspondence; this proves that the elementary symmetric func-
tions constructed with the elements o, 419341, © * * , 0u¥a4+1 belong to the
largest separable extension Z of H*(y, + * *, ¥4) contained in the decomposi-
tion field of u; over H*(yo, + - -, ¥a); in particular, H',‘;,,i_l+1 (Y—=0;v441)¢
E(ONZ)[Y]. It is known (see [5], [6]) that 7 (ONZ)CK,; therefore

Hi Hi

II @ —mepparye= II ¥ —amyan)e=f(¥)
j=pi—1+1 J=pi-1+1

belongs to K,[Y], or also to Ky[yo, - - -, ¥4, Y] since O is integrally de-
pendent on K, [yo, - - -, ya] by the corollary to Lemma 3.2. We shall ac-
cordingly denote f!(Y) by fi(ye, - - -, ¥a, ¥). Now, fi(yo, * * *, ¥4, Ti¥a+1)
=0 because ¢,;_+1=1; also, fi(yo, * * *, ¥a, 'y431) =0, which in turn implies
that f; is divisible by ¢é(yo, - - -, 34, ¥); and since f; is a product of linear
factors conjugate to each other over K,(vo, - - -, v4), it must have the
form b;¢*i, where ;&K ,». We now have:

W(yor oty Y Y) = (Wa)bl tte bﬂﬁ”"""'“’w(yo, cr oty Yay Y),

where w = [[ms1 (Y —m0yas1)e. Assume w(yo, * * *, ¥4, T1¥a41) =0; then
T1(Yay1—01ay1) =0 for some [>m, hence (1 —01)Va1E By, from which we
derive (1—0,)2EP,, for any zER,[yo, - -+, yas1); in particular, if 2
€C(o7 "us/Ro+[y0, * * +, Yar1]) it follows that oizEP., and 2EP.,, which
means that o; %% and u; have the same center on R,[yo, * * *, ¥a1], a con-
tradiction because />m. We conclude that w is not divisible by ¢, so that

pi+ - - - +p,=a;on the other hand, ¢#1+-**+#, has, by construction, the de-
gree em in Y, which proves that a deg A’ =em. This finally gives
emh(A) m ins A

= = , Q.E.D.
h(A") deg A’ ord A’
COROLLARY. Maintain the same notation as in Theorem 5.1, and let vy, - - -,
v, be the distinct elements of C which are related to A'; then B= D .y [Ts;:T]
X [K.;: K.(A)].

Proof. By formula (2), and with the notation of the proof of Theorem 5.1,
we have m ins A= D _; [Tw;:Tw][Ku;:Ku]= 2 i[Tw;:Tw] [Ku;: K. (A7) (2)]
XordA’,so that = D_;[T'w,;:Tw] [Kuw;: K.,(A")(¢) ]. This is the contention of the
corollary, since wy, - - -, w, are the extensions of v, - - -, v, to K* over
k*(yO) tt Ty yd): Q'E'D'

THEOREM 5.2. Maintain the notation of Theorem 4.1, and set r =dim G;
let {x} be the h.g.p. of D[F]; then n=e(Q(D’'/D)/k(F); x) exists. Let v be an
r-dimensional valuation of k(F) with center G on F, and let vy, - - -, v, be the
distinct valuations of k(D) of dimension r+dim D —dim F which induce v in
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k(F) and which have the center D' on D. Then

14

n ins D[F] _ E [T4;: T, ] [K.,: k(D) ]

ord D'[G] [K.: k(G)]

Proof. (1). If F is analytically irreducible at G, the first contention is a
consequence of Theorems 4.1 and 3.1.

(2). In the general case, set A=D[F], K=K,; we have, by definition,
that A{v} is the extension 3x to K of the cycle 3=D{G}; therefore, if 3’ is
the component of 3 given by D’{G}, and if o is the coefficient of 3 in 3,
that is, the multiplicity of D’in {D; V, G}, 3k has the form D %, e~1(exp 3")A;,
where A; are components of A{v}, and e=exp A; (the same for each 7); A; ap-
pears in A{s} with the multiplicity B/ =a’e~! exp §'. If now «, B; are the
multiplicities of 3’, A; in D{G}*, A{v}* respectively, the relation between
them is B; ins Aj=« ins 3’; from this relation and Theorem 5.1 we obtain
ains 3’ red A;=m; ins A, where m; is the number of elements of the complete
set C of extensions of v to k(D) with respect to {x} which are related to A;.
Therefore arins j 2 ;red A;j=ins A Y ;mj, or a ord 3’ =n ins A, where 7 is the
number of elements of C whose valuation ring contains Q(D’/D). This shows
that # does not depend on v, that is, that n=e(Q(D’/D)/k(F); x), and also
gives the first expression for . The second expression is a consequence of
statement 5 of Theorem 3.1, or also of the corollary to Theorem 5.1, Q.E.D.

Now let F, V, D, G, {x} have the same meaning as in Theorem 5.2 or 4.1,
but let us not necessarily assume the existence of {D; v, G} .Let D’ be a com-
ponent of [D; V, G] of dimension equal to dim D —dim F+dim G, if there
is any. If e(Q(D’/D)/k(F); x) exists, then a certain multiplicity can be
attached to D’ with respect to G and D, namely the number o*
=e(Q(D'/D)/k(F); %) ins D[F] (ord D'[G])~' which, by Theorem 3.1,
coincides with e(Q(D’/D); {)e(Q(G/F); )t ({5“} being a set of parameters
of Q(G/F)) which would give the multiplicity of D’ in {D; V, G}* if the
latter existed. This number will be called the multiplicity of D' in {D; V, G} *
even if {D; V, G} * does not exist; the number a =a*k(D’[G])h(D[F])~ will
in turn be called the multiplicity of D’ in { D; V, G}. The same definition
applies to the multiplicities of D’[G] in D{G}* or D{G}. In order to avoid a
notation which needs the use of the quotient rings, we shall put o*
=e(D'/D; V,G)*=e(D'/D; G, V)* and a=e(D'/D; V, G)=e(D'/D; G, V).
Therefore if {D; v, G}* exists it is given by D _.(D:/D; V, G)*D;, where
D; ranges among all the distinct components of [D; V, G]. According to
Theorem 3.1 we have:

THEOREM 5.3. Let D be an irreducible algebraic correspondence between the
irreducible varieties F, V over k, operating on the whole F; let G be an irreducible
subvariety of F, D* a component of [D; V, G] of dimension equal to dim D
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—dim F+dim G. Denote by F' any model of k(F), by G’ any irreducible pseudo-
subvariety of F' which corresponds to G in the birational correspondence between F
and F', by D’ the irreducible algebraic correspondence between F' and V, bira-
tionally equivalent to D, such that D'[F']=D|[F]; then:

1. If Fis analytically irreducible at G, e(D*/D; V, G) exists.

2. Assume F' to be such that D'{G'} exists for each G’ which has the same
dimension as G, and that Q(G/F)CQ(G'/F') for each such G'; write D'{G'}
=3+3', 3 being such that its components are components of the extension of
D*[G] over k(G’), while ' has no component in common with such extension.
Then e(D*/D; V, G) exists if and only if deg 3 does not depend on G'; and in this
case we have

e(D*/D; V,G) = deg 3(deg D*[G])~.

The reduction theorem can be extended, with the same proof, in the
following way:

THEOREM 5.4 (REDUCTION THEOREM, GENERAL CASE). In the statement of
Theorem 4.2, let us replace the assumption of the existence of {D; Vi, W;} *
and {D®; W;, W:}* by the assumption that e(DP/D; V;, W:)* and e(U/DY;
W;, W)* exist for each i, h; then Y ,e(DP/D; V;, W) *e(U/DP; W;, Wi)*
does not depend on 1, and will be denoted by e(U/D; Wy, Wo)* =e(U/D; W, Wh)*.
Iits value is given by the same expression as tn Theorem 4.2.

As we have previously remarked, there is the possibility that
e(D*/D; V, G) or e(D*/D; V, G)* (notation as in Theorem 5.3) are not
integers; that this occurrence may actually take place is proved by the follow-
ing example: in the notation of Theorem 5.3, let k£ be the field obtained by
adjunction of an indeterminate ¢ to a given field; let F be the irreducible
variety over k whose n.h.g.p. is {zl, 22, zs}, where 2,2=22, and let G be the
point of F given by z1=a, z2=2;=0. Then k(G) =k. Let V be the straight
line over & whose n.h.g.p. is x, and let A be the irreducible algebraic cor-
respondence between k(F) and V such that ¢(A/k(F)[x]) is the principal
ideal generated by x-+232; . If D=D, p, D{ G } does not exist; however,
D[G] is the irreducible variety x2=a over k=k(G), and it has to be counted
with the multiplicity 1/2. In fact, choose for F’ the plane whose n.h.g.p. is
{z{, 25 }, where 2§ =2, 3{ 2,=2;, so that 2{2=2. Then D’ has the n.h.g.p.
{x, 3/, 3/}, where x+2{ =0, and G’ is given by z{ =a¥?, z{ =0, so that
k(G") =k(a'?). Therefore D’ {G'} exists and equals the integral cycle 3 =1A"*,
where A’* is the irreducible variety over k(a'?) given by x=al/2

There are evident cases in which one can assert a priori that e(D*/D; V, G)
or ¢e(D*/D; V, G)* are integers. For instance: if {D; v, G} exists, then
e(D*/D; V, G) is an integer; if G is a point and % is algebraically closed,
then e(D*/D, V, G) and e(D*/D; V, G)* are integers, as a consequence of
statement 2 of Theorem 5.3; if e(D*/D; V, G) is an integer and A(D* [G]) =1,
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then e(D*/D; V, G)* is an integer; if G is simple on F, then e(D*/D; V, G)*
is an integer. Less trivial cases are described in the following result:

THEOREM 5.5. Maintain the notation of Theorem 5.3; we have:

1. Let t be any minimal prime of the zero ideal of the completion R of Q(G/F),
and let {¢} be a set of parameters of Q(G/F); then e(D*/D; V, G)* exists if
and only if R is (but for an isomorphism) a subring and subspace of the com-
pletion S of Q(D*/D), and if in addition e(S/rS; {)e(R/tv; {)~! does not depend
on t;

2. If e(D*/D; V, G)* exists, it is not greater than the length 1 of
B(G/F)Q(D*/D); in particular, if it is known that e(D*/D; V, G)* has to be
an integer, and if I=1, then e(D*/D; V, G)*=1;

3. If G, D* are simple on F, D respectively, then e(D*/D; V, G)* exists
and equals the length of B(G/F)Q(D*/D);

4. If e(D*/D; V, G)* exists, it equals the limit, for j approaching infinity,
of the ratio

length (B(G/F)iQ(D*/D)) .
length B(G/F)i

Proof. 1. We identify D, D* respectively with D, D, of Theorem 3.1, and
let 0, 0*, 5, 5* have the same meaning as in step 3 of the proof of that theorem.
Let m, m* be the maximal primes of o, 0* respectively, i =md, M*=m*p*.

Assume e(D*/D; V, G)* to exist, and let © be the integral closure of
0, My, My, - - - the minimal primes of mO, T; the Om;-topology; set O* = Oo*,
and let m*, ms*, - - - be the minimal primes of m*O*, T/* the On:-topology.
In the course of the proof of Theorem 3.1 it has been shown that for each j
there is an mj which lies over mj, so that Ty induces T; in Om, by [13]. Let
T, T* be the o-topology and the o0*-topology respectively; then T* is induced
ino*by T*MT*M - - -, and Tisinduced in 0 by ThW\ToM - - - . This proves
that T* induces T in o, so that 5 is a subring and a subspace of 5*. The
other contention is part of the following proof of the converse.

Conversely, let 7 be a subring and subspace of 5* Let v be a prime
divisor of k(F) whose center on F is G, and let v* be the usual unique exten-
sion of v to K(0). R,+ contains some Om;, and the completion of Om; contains
some /t; besides, each t is related to some m; in this manner. By [13], 2* has
an extension 7 to the quotient field of the completion of Om;, hence to K (5/r),
and ((3/(5/t)) =fi/t. Let 1%, 1%, - - - be the minimal primes of 15*; then 7 has
some extension to each K (5*/1}), whose center ond* /1] is ffi*/r}. On the strength
of this fact, and by essentially the same argument as the one employed in
step 3 of the proof of Theorem 3.1, we obtain #n(v) ins D[Fle(3/t; ¢)
=ord D*[Gle(3*/v5*; ¢), n(v) having the same meaning which it has
in Theorem 3.1. Hence n(v) does not depend on v if and only if
e(d*/t5*; {)e(d/r; ) does not depend on t; this, because of statement 1 of
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Theorem 3.1, and because of the lemma at the end of this proof, completes
the proof of assertion 1.

2. The length I of B(G/F)Q(D*/D) is the length of mo*; we contend
that this, in turn, equals the length of fd*. In fact, set q=mo*, so that
G=mbd*=qd* is the closure of q according to the 5*-topology. Let q=q;
Cq:C - -+ Cq;=m* be a maximal chain of primaries between q and m*,
and consider the chain §=§CG§C - -+ C§=mm* constructed with the
closures of the g;'s; assume §;,CQCdj41, O being a primary; then q;&Q
Mo*Cgq;+1, hence q;=QMo* Let ¢E€o0* be such that q;;1=q;4+¢go*; then Q
consists of elements of the form ag+¢’, where a €5* and ¢’ €§;; let a be the
set consisting of the elements ¢ €5* such that ag+¢' EQ for some (hence
for each) ¢'&4§;; a is an ideal of 5* and Q=gqga+§,Cqgm*+§,; since a is
proper. Now, gm*Cq;, hence ¢ifi*C §;, so that Q =§;. This proves that the
chain {§,} is maximal, or that [ is also the length of fd*.

Now, [(8*/t8*)K(5/1):K(5/1)]e(d/r; §) =e(8*/rd*; ) [6*/M*:0/M], and
therefore e(D*/D; V, G)* =e(5*;{)e(;¢) " =e(6*/15*;)e(d/r; )~ = [(5*/1D*)
XK (0/r):K(8/r) ] [0*/m*:0/m]-! <length (ifi/r)(6*/r5*) = length Md*/rd*
=1 by Theorem 8 of [4].

3. This is a consequence of the formula e(D*/D; V, G)*= [K(3*):K(5)]
X [0*/m*:0/m]~! and of Theorem 23 of [4].

4. This is a consequence of the results of [8].

In the proof of statement 2 we have used the fact that the condition of
e(S/tS; $)e(R/r; ¢)~! being independent of t is equivalent to the condition
that e(8*/td*; {)e(d/r; ¢)~! is independent of t (notice that r has different
meanings in the two conditions). Now, this is a consequence of the following
result:

LEMMA. Let R be a geometric domain, m its maximal prime, R its completion;
let x be an indeterminate, and set 0=R[x|mriz1; let D be the completion of o.
Then there is a 1-1 correspondence R—t=RNR between the set of the minimal
primes R of the zero ideal of b and the set of the minimal primes v of the zero
ideal of R. If, in addition, {{} is a set of parameters of R, then e(3/R; )
=e(R/r; {) (after identifying the {'s with their classes mod R).

Proof of the lemma. The set of the t's is in 1-1 correspondence with the
set of the minimal primes of the extension of m to the integral closure of R;
this set is in 1-1 correspondence with the set of the minimal primes of the
extension of mo to the integral closure of o, and this in turn is in 1-1 cor-
respondence with the set of the ®’s. This proves that the correspondence
Rt is 1-1. Let S’ be the integral closure of R, p a minimal prime of mY’,
S=S;, D=S[x]p,g[,]. Let S, © be the completions of S, O, and assume that p
corresponds to t. It has been shown in case 2 of the proof of Lemma
2.2 that K(S)=K(R/r), so that also K(D)=K(d/R). As a consequence,
e(S; ) [S/mS:R/m]=e(S; ¢)[S/mS:R/m]=e(R/x; {), and in like manner
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e(D; O [(S/mS)(x): (R/m)(x) ]| =e(5/R; ). By Lemma 3.1 we have e(S; {)
=e(D;{), so that e(R/r;{) =e(5/R; ), Q.E.D.

We now let k, F, D, V, G have the same meaning as in Theorem 3.3,
while D* is a component of [D; V, G], concerning whose dimension no a

priori assumption is made. If {xo, - - -, Xn} is the h.g.p. of D[F], let
Xo, -+ -, Xn be indeterminates, so that {Xo, <., X,,.} is the h.g.p. of
the projective space over k(F) of which D[F] is subvariety. {Xo, ey X,,,}

is also the h.g.p. of the projective space over k(G) of which D*[G] is sub-
variety. Let {2z} be a n.h.g.p. of F for which G is at finite distance, {z} the
corresponding n.h.g.p. of G, {o?} the h.g.p. of D*[G]. If p is the characteristic
of &, and if p=#0, let {tl, 2, ¢ - ¢ } be a p-independent basis of k(G) over
k(G)?, and consider the derivations /dX;, 0/9¢; of k(X, 2) over k(G)?;if p=0
or if k(G) is perfect the d/0¢; simply do not exist, and the /90X ; are deriva-
tions over k(G). Finally, let {fi(X, 2), fo(X, %), ---} be a basis of
¢(D/k[X, 2]). We shall denote by J(f(X, 2); X, t) the jacobian matrix of
the f:(X, 2) with respect to the derivations /90X, d/9¢;. The following result
is a criterion for multiplicity one expressed for homogeneous x’s and non-
homogeneous z's; the easy transformation of the criterion to the cases in
which the x’s are nonhomogeneous, or the z's are homogeneous is left to the
reader.

THEOREM 5.6 (JACOBIAN CRITERION FOR MULTIPLICITY ONE). Using the
previous notation, and assuming G to be simple on F, we have that the two fol-
lowing statements are equivalent:

1. dim D*=dim D—dim F+dim G, and e(D*/D; V, G)*=1;

2. J(f(X, 2); X, t) acquires the rank (m—dim D+dim F) when the X's
arereplaced by the X's.

Proof. If dim D*=dim D—dim F+dim G and e(D*/D; V, G)*=1, then
mR[x] has the isolated primary component p’ = ¢(D*/k|[x, z])R[x]; here we
have denoted by m, R respectively B(G/F) and Q(G/F). This means that
mR[X]+pR[X] has the isolated primary component ¢(D*/k[X, z])R[X],
after putting p=¢(D/k[X, 2]). Reducing mod mR[X] we obtain
that {fi(X, %), fo(X, %), ---} is the basis of an ideal of which P
= ¢(D*[G]/k(G)[X]) is an isolated primary component. Therefore there
exists a regular set of parameters of k(G)[X]s every element of which is a
linear combination of the fi(X, %)’s with coefficients in £(G)[X]. But then
Theorem 10 of [14] yields the contention expressed in statement 2, since
m—dim D+dim F is the dimension of k(G)[X ]s.

Conversely, assume J(f; X, ) to have the desired rank for X =%. Then
dim D*=dim D —dim F+dim G, otherwise J would have rank less than m
—dim D+4dim F, independently of whether {f} is a basis of P&(G)[X]g or
not. Furthermore, (m —dim D+dim F) among the f’s form a regular set of
parameters of k(G)[X |g because of Theorem 10 of [14], and this shows that
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{f} generates an ideal of which $ is an isolated primary component. We can
then retrace the previous steps, obtaining that mR[x] has the isolated pri-
mary component p’. Since R is regular, this shows that e(D*/D; V, G)*
=1, Q.E.D.

CoRroLLARY. With the same notation as of Theorem 5.6, we have that the
following three statements are equivalent to each other:

1. dim D*=dim D—dim F+dim G, ins D*[G] =1, and ¢(D*/D; V, G)*
=1;
2. J(f(X, 2); X) acquires the rank m—dim D+dim F when {X} is re-
placed by {&};

3. J(f(X, 2); X) acquires the rank m—dim D+dim F when {X} is re-
placed by {2} and {2z} by {2}; in this case J denotes the jacobian matrix with
respect to the dertvations /90X ; of k(F)(X) over k(F).
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